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In� ow Conditions in Stochastic Eulerian–Lagrangian
Calculations of Two-Phase Turbulent Flow

Jinn-Cherng Yang¤ and Keh-Chin Chang†

National Cheng-Kung University, Tainan 701, Taiwan, Republic of China

The importance of the inlet conditions of the dispersed-phase � uctuating velocity on the analysis associated
with the stochastic Lagrangian method, which is commonly used in the simulation of two-phase turbulent � ows, is
demonstrated through two well-de� ned problems. One is under the inlet condition of the carrier-phase turbulent
kineticenergy kg larger thanthe dispersed-phase turbulentkinetic energy kp . The other is associated with kg << kp . A
solution procedure accounting for the inlet conditions of the � uctuating dispersed-phase velocities in the stochastic
Lagrangian calculation is developed. It is also concluded that the unsteady drag coef� cient has to be considered in
the model formulationwhen the condition of the Stokes number larger than OO((101)) is encountered in the examined
two-phase turbulent � ow� eld.

Nomenclature
CD = drag coef� cient
D = ori� ce diameter, 0.64 mm
dp = droplet diameter
g = gravity
K = history-forcekernel
k = turbulent kinetic energy
n = number density, number of droplets per cubic meter
P; Q = value of probability density function
Re p = droplet Reynolds number
r = radial coordinate
St = Stokes number, ¿p=¿r

t = time
tM = dimensionless time de� ned by Eq. (14)
U; u = instantaneousand mean velocities, respectively
U = vector form of instantaneousvelocity
x = axial or streamwise coordinate
y = transverse coordinate
®12 = ratio of velocity slips in two neighboring grid cells
1t = time increment
1U = velocity slip, Ug ¡ Up

¹ = viscosity
½ = density
¿p ; ¿r = dynamic relaxation time and residence time of droplet,

respectively
Á = factor accounting for deviation from the Stokesian drag

Subscripts

g = carrier phase
i = i th component
in = inlet
old = value at the preceding time step
p = dispersed phase
s = Stokesian drag
1; 2 = upstream and downstream, respectively

Superscripts

0 = � uctuation
= ensemble averaging value de� ned by Eq. (19)
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I. Introduction

I N the practical engineeringsimulation of dilute two-phase � ows
such as sprays, pneumatic transport of particles, cyclones, etc.,

a commonly used approach is the combined Eulerian–Lagrangian
method, which treats the carrier phase (� uid) as a continuum
and the dispersed phases (particles or droplets) as discrete enti-
ties. The carrier-phase transport equations are formulated in the
Eulerian framework, and droplets (or particles, per se) are tracked
along the Lagrangian trajectories in the carrier � uid as a result of
forces acting on the droplets. Turbulent dispersion of the droplets
in the carrier � uid are usually simulated by use of the stochas-
tic (Monte Carlo) approach, which was originally developed by
Gosman and Ioannides,1 herein referred to as the conventional
stochasticEulerian–Lagrangian method. Recent comprehensivere-
views on the conventional stochastic Eulerian–Lagrangian method
can be found in Refs. 2–4. In the conventionalstochasticEulerian–

Lagrangianmethod,which is alsocalledthe stochasticdiscrete-delta
function method by Chen and Pereira,5 the mean dispersed-phase
properties at a grid node are determined using ensemble averaging
of the properties of many individual droplets, in which their trajec-
tories fall within the grid cell. Therefore, trackinga great number of
trajectories is required to attain a statistically invariant solution.5;6

Dutta et al.7 proposed a discrete probability function method for
turbulent dispersion computation of the droplets that is capable
of providing accurate simulation with low statistical noise. How-
ever, the need for a great number of computational droplets makes
the method of Dutta et al.7 more expensive than the conventional
stochastic Lagrangian method. To improve the computational ef-
� ciency of the conventional stochastic Lagrangian method, Chen
and Pereira5 proposed a stochastic-probabilistic dispersion model,
which was shown to be able to reduce the number of droplet trajec-
tories to be tracked in the calculations.5;8 The model proposed by
Chen and Pereira5 differs from the conventional stochastic one in
that it solves additionally the spatial distributionsof droplets along
their trajectories. The information of these spatial distributions of
droplets are, then, taken into account in the ensemble-averaging
calculations of the dispersed-phaseproperties.

All of the stochasticLagrangian models assume that the discrete
entities (droplets or particles), moving in a turbulent carrier � uid,
constantly encountera series of energeticeddies randomly sampled
from thecarrier-phase� ow� eld.ChangandYang9 andChanget al.10

found that the use of an unsteady drag coef� cient in modeling two-
phase turbulent � ows with the stochasticLagrangian models is usu-
ally necessary to obtain correct information of the dispersed-phase
turbulencecharacteristics.In addition,remarkableunderpredictions
of the partial turbulentkineticenergy,.u 02

p C v 02
p /=2, of dropletswere

observed in the upstream � ow regions, as compared to the mea-
sured data of Liu,11 even in the calculation using the unsteady drag
coef� cient.9 Moreover, the level of underpredictionbecomes more
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remarkableas the droplet size is increased(see Fig. 8 in Ref. 9). The
errors in predicting the partial turbulent kinetic energy of droplets
were speculated from the neglect of the inlet � uctuating informa-
tion for droplet velocities in the calculation, which is elaboratedon
hereafter.

All of the stochasticLagrangian models adopt the stochastic op-
eration that deals with the Lagrangian equation of instantaneous
motion described as

dUpi

dt
D

Ugi ¡ Upi

¿p
C gi (1)

where the droplet dynamic relaxation time, which denotes a char-
acteristic time of the droplet reaching its dynamic equilibrium with
the carrier � uid, is de� ned by

¿p D 4dp½p

3CD½gj1Ug j
(2)

and the instantaneousvelocity of the carrier � uid is given by

Ugi D ugi C u 0
gi (3)

where u0
gi is randomly determined from the random number gener-

ator in the computationalprocess.
Equation(1) canbe solvedby iterativelyintegratingthisnonlinear

ordinary differential equation to an acceptable tolerance in a given
time step, that is,

Upi D Ugi ¡ [Ugi ¡ .Upi /old] exp.¡1t=¿p/

C gi ¿p[1 ¡ exp.¡1t=¿p/] (4)

where the subscript old denotes the value at the beginning of the
time increment 1t . Note the � rst time step as a droplet just leaves
its inlet position. .Upi /old now represents the instantaneous droplet
velocityat the inlet.Nevertheless,to thebest of our knowledge,most
studiesusing the stochasticEulerian–Lagrangianmethod, including
ourpreviouswork,9 did not considerthe inletu0

pi informationin their
calculations.Instead, only the mean quantities of droplet velocities,
which were determined either from the measured data or from the
assumed inlet pro� les, were used in the calculations. Thus, Eq. (4)
becomes

Upi D Ugi ¡ [Ugi ¡ .u pi /in] exp.¡1t=¿p/

C gi ¿p[1 ¡ exp.¡1t=¿p/] (5)

at the � rst integrating time step. Apparently, the use of Eq. (5) may
introduce some errors in the downstream Upi predictions, such as
those shown in Fig. 8 of our previous work,9 becauseone important
turbulent characteristicof the dispersed phase, that is, the turbulent
� uctuations of the droplet velocities, at the inlet is not considered
in the calculation.

A rigorous theoretical analysis for a two-phase turbulent � ow
has to take into consideration the inlet turbulent characteristics of
both phases.The stochasticEulerian–Lagrangianmethod is theoret-
ically capableof yieldinga complete solutionof both the carrier and
dispersed phases, including mean and � uctuating quantities. Nev-
ertheless, researchers commonly neglect of inlet u 0

pi conditions in
solving the equation of motion, such as that described in Eq. (5).
Our preceding study9 revealed that remarkable underpredictionsof
the partial kinetic energy for the large droplets in the upstream � ow
regions of a two-phase mixing layer might stem from the neglect
of the inlet u0

pi conditions in the calculations. It is worthwhile to
check how neglect of the inlet u0

pi conditions affects the complete
solutionsof the two-phase � ows. The object of this work is, then, to
develop an appropriate way of taking the inlet u 0

pi conditions into
account in the solution procedure of the analysis. Evaluation of the
in� uences of the inlet u0

pi conditionson the predictionof two-phase
turbulent � ow is made through two representative, well-de� ned
problems. One is associated with the inlet condition of kg > kp and
the other with kg < kp . Here, the turbulent kinetic energy of dis-
persed phase is de� ned by

kp D
1

2

3X

i D 1

u 02
pi (6)

II. Test Problems
The experimentalwork of a droplet loading,planar mixing-layer

� ow in a verticaltunnel,11;12 which is schematicallyshownin Fig. 1a,
serves as the � rst test problem. The tunnel with a 150 £ 150 mm2

cross-sectionalarea at the test section was equally divided into two
separate � ow paths by an upstreamcentral splittingplate. The mean
velocities of the high- and low-speed streams were equal to 10.2
and 2.36 m/s, respectively. A Sono-Tek ultrasonic nozzle, located
800 mm upstream of the test section in the high-speedstream, gen-
erated polydispersedwater droplets with the Sauter mean diameter
of 54 ¹m. The trailing edge of the splitting plate was extended
150 mm into the test section.A rectangular coordinatewas selected
such that the streamwise x coordinateis downwardwith the originat
the central separationpoint of the splitting plate, and the transverse
y coordinate is positive toward the high-speed stream side.

The second test problem is the experimental work of a hollow-
cone spray13;14 shown schematically in Fig. 1b. The spray nozzle
was a pressure atomizer with an ori� ce diameter of 0.64 mm from
which the water spray was injectedverticallydownward with a � ow
rate of 1.19 g/s at an injection pressure of 928 kPa (134.7 psi). The
nominal cone anglewas 80 deg. The exhaustsystem of the test stand
provided a uniform curtain � ow of surrounding air with a velocity
of 0.5 m/s in the test section to avoid � ow reversal.The test chamber
cross section was 0.8 £ 0:8 m with a length of 0.7 m. Because the
spray is axisymmetric, a two-dimensional,cylindricalcoordinate is
selected so that the axial x coordinate (along the axis) is positive
downward with the origin at the center of the atomizer exit and the
radial r coordinate is positive away from the axis.

a) Planar mixing layer

b) Hollow-cone spray

Fig. 1 Schematics of two-phase � ow� elds.
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Measurementsof the mean and � uctuating� ow propertiesof both
phases in these two experimentswere made using a two-component
phase Doppler particle analyzer (PDPA). A smoke generator (us-
ing kerosene as the working � uid) was used to generate seeding
particles (nominal 2 ¹m) for the velocity measurements of the
carrier � uid. The ensemble-averaged quantities were statistically
calculated by collecting 30,000 valid sample data for each mea-
surement point. Uncertainties in mean and � uctuating velocities of
the carrier phase using the PDPA were within 2% in comparison
with the measurements of a pitot tube measuring in the range from
1 to 10 m/s. The uncertaintiesof the measured dispersed-phasevol-
ume � uxes, by comparison with the metered liquid � ow rate in the
upstream water supply line, was less than 10% for the case of the
two-phase mixing-layer � ow and 20% for the case of the hollow-
cone spray.Complete (three componentsof velocity) measurements
at the streamwise/axial stations of x D 5 and 12.8 mm were made
as the inlet conditions required for the theoretical analyses of the
planar mixing-layer and hollow-cone spray, respectively.

The pressure hollow-cone atomizer generated a more dispersed
size spectrum (2–150 ¹m) than the Sono-Tek ultrasonic nozzle
(2–90 ¹m). Eight sets of data labeledwith the (Sauter) mean droplet
sizes of 10, 20, 30, 40, 50, 60, 70, and 80 ¹m were recorded in the
experimental work on the planar mixing layer, and 10 data sets la-
beled with the (Sauter) mean droplet sizes of 7, 21, 35, 49, 63, 77,
91, 105, 119, and 133 ¹m were recorded in the experimental work
on the hollow-cone spray. The con� guration of the droplet load-
ing, mixing layer problem, in which the droplets were issued at the
far upstream position (0.95 m), lead to kg > k p at the inlet position
(x D 5 mm)as shown in Fig. 2a.This is the same as observedin most
of the published experimental work on gas–particle � ows such as
that of Prevost et al.15 In contrast, the hollow-cone spray problem,
which is a practical spray in industrial applications, shows the op-
posite kp > kg at the inlet station (x=D D 20) as seen in Fig. 2b. This
is because the inlet position for this test problem is near the droplet
injection (the atomizer) point, but located behind the region where
the primary atomization process of the spray has been completed.13

III. Model Analysis
A. Physical Modeling

The con� guration of the planar mixing-layer problem allows the
use of the boundary-layerapproximation,which neglects the diffu-
sion terms along the streamwise direction, in the formulation of the
carrier-phasegoverningequations. In contrast to the planar mixing-
layerproblem,the carrier-phasegoverningequationsfor the hollow-
cone spray are two dimensionally elliptic due to the axisymmetric
characteristicof the � ow� eld. The � ow� elds of these two test prob-
lems are determined through use of the kg –"g model. The applica-
bility of the kg –"g model in the simulations of the two test problems
has been demonstrated by Chang et al.12;14 To account for the ef-
fects of turbulence modulation, the model originally proposed by
Shuen et al.16;17 and recently modi� ed by Shang et al.18 is used in
the work. However, because the two-phase � ow investigated in the
mixing-layerproblem is a very dilute case [typical dispersed-phase
volumetric fraction of O.10¡5/], it was shown12 that turbulence
modulation effects could be ignored in modeling this test problem.
In contrast, the typical dispersed-phase volumetric fraction in the
hollow-cone spray was one order of magnitude higher than that in
the mixing-layer � ow. The considerationof the turbulencemodula-
tion effects in the modeling of the hollow-cone spray improved the
� ow predictions, but only to a slight extent.14

The dispersed phase is treated by tracking all individual entities
when they move through the turbulence � eld of the carrier � uid. To
account for the effects of the size spectra of the droplets, 8 and 10
discrete droplet sizes, which conform to the data sets recorded in
the experiments, are used in the calculations of the droplet loading
mixing layer and hollow-cone spray, respectively. For details of
modeling these two problems, see Refs. 12 and 14.

An expression for the unsteady drag coef� cient suggested in our
previous work9 is used in the calculations

CD.t/=.CD /s D .1 ¡ ®12/K .t/ C Á.Rep/; t > 0 (7)

a) Two-phase mixing layer

b) Hollow-cone spray

Fig. 2 Measured turbulent kinetic energy of carrier gas and droplets
with several representative sizes at inlet positions.

where

®12 D 1U1=1U2 (8)

Rep D ½gj1Ug jdp=¹g (9)

The history-force kernel K .t/ is taken from the empirical one de-
veloped by Mei and Adrian19:

K .t/ D
»³

4¼¹g

½gd2
p

t

´ 1
4

C
³

¼½g

¹gdp

´ 1
2

t

µ
j1Ug j
fH .Rep/

¶ 3
2
¼ ¡2

(10)

with

fH.Re p/ D 0:75 C 0:105Rep (11)

The factor Á.Rep/ of Eq. (7) accounts for deviation from the Stoke-
sian drag coef� cient, that is, .CD/s D 24=Rep , at the steady state
when the condition of Re p ¿ 1 is not met. One of the best correla-
tions for Á.Rep/, compiled by Clift et al.,20 is used:

Á.Re p/ D 1 C .3=16/Rep; 0 < Rep · 0:01

D 1 C 0:1315Re
.0:82 ¡ 0:02171 Rep /
p ; 0:01 < Re p · 20

D 1 C 0:1935Re0:6305
p ; 20 < Rep · 260

(12)



YANG AND CHANG 2103

Note that the parameters affecting the value of CD.t/ are not only
®12 and Re p but also dp [see Eq. (10)]. Equation (7) returns to
the identical form of the steady-state one for t À 1 because K .t/
asymptoticallyapproaches zero value after a suf� ciently long time.

For the special condition of ®12 D 0 (startup from rest) and
Re p · 1, Sano’s analytical solution,21 which is given hereafter, takes
over the expression of CD .t/ because its performance is better than
that of Eq. (7):

CD.tM /

.CD/s
D 1 C 3

16
Re p

»µ
1 C 16

.ReptM /2

¶
erf

³
1

2

r
ReptM

2

´

C 2

r
2

¼Re ptM

³
1 ¡ 4

Re ptM

´
exp

³
¡

ReptM

8

´¼

C 9
160

Re2
p

³
1
2

Rep

´
; tM > 0 (13)

with dimensionless time

tM D 2j1Ug jt=dp (14)

B. Numerical Solution Procedure
Calculation of the carrier-phase � ow� eld is performed with the

� nite volume method using the SIMPLER algorithmand the power
law scheme.22 The dispersed-phaseequation of motion [Eq. (1)] is
solvedusing the iterativeintegrationas describedin the � rst section.

To obtainstatisticallysigni� cant propertiesof thedispersedphase
for a given discrete droplet size, an adequate number of computa-
tional droplets of the same discrete size, each corresponding to an
instantaneouscarrier-phasevelocityasexpressedin Eq. (3), has to be
tracked in the stochasticLagrangianmethod.For a given � uctuating
velocity u 0

gi , which is randomly sampled in the solution procedure
at each integrating time step, there exists a corresponding value of
the probabilitydensity function (PDF), that is, P.u0

gi /. Because the
measured Ugi histograms exhibited reasonably Gaussian distribu-
tion form,10 these PDFs are represented using Gaussian functions,
as de� ned hereafter, in the calculations:

P.u 0
gi / D 1

p
2¼

q
u02

gi

exp

2

4¡1

2

0

@ u 0
giq
u 02

gi

1

A
23

5 (15)

The mean value of the droplet velocity at a speci� ed grid cell was
determined in past studies,6;9;12;14 without accounting for the inlet
u 0

pi conditions, by the use of the ensemble-averaging concept, as
follows:

u pi D
PM

m D 1 nm ¢ P[.u 0
gi /m ] ¢ .Upi /m

PM

m D 1
nm ¢ P[.u 0

gi /m ]
(16)

where the indexm is the mth computationaldropletenteringthecon-
trol volumeof a speci� ed grid cell. The idea embeddedin Eq. (15) is
that because each Upi is solved from Eq. (1) with a randomly given
Ugi , it is necessary to account for the corresponding PDF value of
Ugi as a weighting factor in the ensemble-averagingof Eq. (16). A
similar concept can be applied to the calculationwith consideration
of the inlet u 0

pi conditions as follows. Distributions of .u0
pi /in are

made in the normalized Gaussian form of

Q[.u 0
pi /in] D 1

p
2¼

q
.u 0

pi /
2
in

exp

"
¡1

2

.u 0
pi /

2
in

.u 0
pi /

2
in

#
(17)

which are good representationsof the measured PDFs of u 0
pi . (The

typical shape of the u0
pi PDF can be seen in Figs. 4 and 5 of our pre-

vious work.9) The .Upi /in , which is required at the � rst integrating
time step as in Eq. (4), is now constructed by the measured mean
values .u pi /in and a randomly sampled .u 0

pi /in. Thus, this compu-
tational droplet, which is issued from the lth position in the inlet
section, is always associated with its corresponding PDF value to
the inlet u0

pi information [for example, Qb.u0
pi /in;lc] along its tra-

jectory. With this new information regarding each computational
droplet, Eq. (16) has to be rewritten as

u pi D
PL

l D 1

PMl

m D 1
fnl;m ¢ Q[.u0

pi /in;l]g ¢ P[.u 0
gi /m] ¢ .Upi /mPL

l D 1

PMl

m D 1
fnl;m ¢ Q[.u0

pi /in;l]g ¢ P[.u 0
gi /m]

(18)

Here, L is the total count of issuing positions in the inlet station,
and Ml is the subtotal count of the computational droplets for each
discrete size, which are issued from the l th inlet position, entering
the speci� ed grid cell. Thus, with the measured data of u 02

pi at the
inlet stations that were provided in the experiments of Liu11 and
Hong,13 the two-phase turbulent � ow calculations considering the
inlet u 0

pi conditions can be performed with Eqs. (17) and (18).
In the computations of two-phase � ows, the issue regarding to

the grid resolution should be cared for in both the carrier and dis-
persed phases. The computational grid resolution can be generally
improved using a � ner grid mesh for the carrier phase. However,
this inferencecannot always work for the dispersedphase. First, the
interfacial transport properties such as the drag coef� cient are, in
principle, derived from a single droplet surrounded by a uniform
environment (ugi ; Tg , etc.), which is represented by the calculated
carrier-phase properties in the speci� ed grid cell. Consequently,
there must be a restraint that the ratio of the grid size to the droplet
size cannot be too small to meet this presumed boundary condition
in deriving the interfacial transport properties. Another concern in
choosing the grid size is to reduce the statistical shot noise in deter-
minationof the mean dispersed-phasepropertiesthroughEq. (16)or
Eq. (18), or, more sensitively, through Eq. (19). With use of too � ne
a grid size, the statistical shot noise may become more remarkable.
In consideration of 2% uncertainties in the velocity measurements
made for the two test problems, a tradeoff between the grid res-
olution and the ratio of grid size to droplet size was made in the
preceding studies12;14 as follows. The area ratio (for the present
two-dimensionalproblems) of the minimum grid cell to the largest
droplet should be kept at least in O.102/. Note that the governing
equations are a parabolic type for the mixing layer � ow and an el-
liptic type for the hollow-conespray. For the mixing-layerproblem,
the marching step size is � xed with 1.5 mm (3% of the transverse
width), whereas the transverse dimensions of the grid cells range
from 0.5 mm (in the shear layer) to 1.5 mm (in the laterally outer
freestream region). In contrast, a grid mesh constructed by 35 £ 42
(axial by radial) is used for the calculationsof the hollow-conespray
problem.The axialand radialdimensionsof thegridcells rangefrom
1.28 to 2.56 mm and from 1.28 to 3.20 mm, respectively.

IV. Results and Discussion
A. Planar Mixing Layer (kg > kp)

Although eight representative groups of droplets with various
discrete sizes are used to simulate the spectral effects of the size
distributionin the testproblem.Only resultswith sizesof 10, 40, and
80¹m, representingsmall,medium,and largedroplets,respectively,
are reported here for the sake of brevity. Two predicted evolutions
of the partial turbulent kinetic energy of the droplets, .u 02

p C v 02
p /=2,

of dp D 10; 40, and 80 ¹m, with and without consideration of the
inlet u 0

pi conditions, are presented in Fig. 3 and are compared with
the measured data of Liu.11 Here, u002

pi is calculated from

u02
pi D

PM
m D 1

nm [.Upi /m ¡ u pi ]2

PM
m D 1 nm

(19)

As revealed in our previous work,9 at least 8000 computational
droplets were required to obtain a statistically signi� cant solution
of the partial turbulentkineticenergyof the dropletsby using the un-
steady drag coef� cient with inlet u0

pi D 0. However, the calculation
with inlet u 0

pi included, which leads to double levels of summation
in determination of the mean values of the droplet velocities as de-
scribed in Eq. (18), needs a relatively larger number (10,000) of the
computation droplets to assure the statistically invariant solution.
For the three selectivedroplet sizes of dp D 10; 40, and 80 ¹m, each
computational droplet represents 54, 25, and 1.1 real droplets, re-
spectively, in the simulation with the use of as high a resolution
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a)

b)

c)

Fig. 3 Evolution of the two predicted, with and without consideration of inlet u 0
pi conditions, and measured (u0 2

p + v 0 2
p )/2 of a) 10-, b) 40-,

and c) 80-¹m droplets in two-phase mixing layer: ¤, measurements11; ——, with inlet u0
pi; and - - - -, without inlet u 0

pi.

as 10,000 computational droplets per discrete size. The predic-
tions at the four streamwise stations, including a very upstream
one (x D 8 mm) at which no measurements were made in the ex-
periment of Liu,11 are presented in Fig. 3 to explain the impact
of the completeness of the employed inlet conditions on the solu-
tion of the � uctuating quantity of droplet velocity in the � ow� eld.
Clearly, the calculationwith inlet u 0

pi included improves the predic-
tion of the partial kinetic energy of droplets in the upstream regions,
particularly as the droplet size is increased. It is agreed that small
droplets such as dp D 10 ¹m can reach their dynamic equilibrium
with the carrier � uid more quickly than the larger droplets. As a
result, the absence of the inlet u0

pi conditions in the stochastic La-
grangian calculation causes slight differences in the predictions of
the partial kinetic energy of a droplet from those with inlet u0

pi in-
cluded for the small droplet of dp D 10¹m, as shown in Fig. 3a.

Figure 2a reveals that the k p values are much higher in the shear-
layer region (around y D 0 mm) than in the freestreamregion.There-
fore, the absence of the inlet u 0

pi conditions should result in more
prediction errors of the partial turbulent kinetic energy of droplets
in the shear-layer region than in the freestream region, as shown in
Fig. 3. From the mathematicalpoint of view, the in� uence of the in-
let conditionsis appreciablein the initial regionof the � ow� eld, and
it becomes less signi� cant in the downstreamregion.The deviations
between the two predictions with inlet u0

pi included and with inlet
u 0

pi D 0, as observed in Fig. 3, are also consistent with this trend.
As pointed out before, because the in� uence of the inlet u0

pi con-
ditions on the prediction of the partial kinetic energy of a droplet

is more remarkable as the droplet size is increased, only the evo-
lution of the mean streamwise and transverse velocity components
of the largest droplet (dp D 80¹m), which are predicted with in-
let u 0

pi included, and with inlet u 0
pi D 0, is presented in Fig. 4 for

demonstration.Note that the velocity scales used in Figs. 4a and 4b
are different. The differences in the predictionsof mean droplet ve-
locity between with inlet u 0

pi included and with inlet u 0
pi D 0 are

much less appreciable than those of .u 02
p C v02

p /=2 as they appeared
in Fig. 3c. The reason is as follows. The mean quantities of the
dispersed phase are determined from the ensemble-averaging for-
mulas, that is, Eq. (16) for the case with inlet u 0

pi D 0 and Eq. (18) for
the case with inlet u 0

pi included, in which the only difference is the
accountof the inlet PDF valueofu 0

pi as onemore weightingfactor in
Eq. (18). It is well understoodthat the larger the valueof .u 0

pi /in sam-
pled, the smaller the Qb.u 0

pi /inc value it is correspondingto, through
Eq. (17). Accordingly, after a droplet leaves its inlet position, the
resultant deviation of Upi , which is determined from Eq. (1) with a
sampled .u 0

pi /in, from u pi is evened out in the ensemble-averaging
calculation of Eq. (18). Another observation made from Fig. 4 is
that the considerationof inlet u0

pi conditions in the calculation per-
mits the droplets to penetrate deeper to the low-speed stream side
(lower part), which means a stronger turbulentdispersioneffect can
be numerically generated.

Because the test problem is a very dilute spray (the volumet-
ric fraction of the droplets in the � ow <10¡5) and the differences
between the two u pi predicted with inlet u 0

pi included and with
inlet u 0

pi D 0 are slight even for the largest droplet (Fig. 4), the
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Table 1 Ratio of the dynamic relaxation time to the residence time for 35-, 63-, and 119-¹m
droplets at locations (x==D; r==D) of (50, 40) and (80, 60) for hollow-cone spray

x=D; r=D Ug Up jUg ¡ Up j Rep Á.Rep/ ¿r ¿p ¿p=¿r

35 ¹m
(50,40) 1.17 6.64 5.4 12.6 1.913 3:8 £ 10¡4 1:9 £ 10¡3 5.19
(80,60) 0.88 2.08 1.2 2.8 1.298 1:2 £ 10¡4 2:9 £ 10¡3 2.36

63 ¹m
(50,40) 1.17 11.9 10.73 45.06 3.135 2:2 £ 10¡4 3:9 £ 10¡3 18.17
(80,60) 0.88 8.15 7.27 30.53 2.671 3:2 £ 10¡4 4:5 £ 10¡3 17.17

119 ¹m
(50,40) 1.17 13.9 12.73 100.9 4.551 1:8 £ 10¡4 9:6 £ 10¡3 53.3
(80,60) 0.88 11.2 10.32 81.8 4.111 2:3 £ 10¡4 1:0 £ 10¡2 46.6

a)

b)

Fig. 4 Evolution of the two predicted, with and without consideration of inlet u 0
pi conditions, and measured mean a) streamwise and b) trans-

verse velocity components of 80-¹m droplet in two-phase mixing layer: ¤, measurements11; ——, with inlet u 0
pi; and - - - -, without inlet u 0

pi.

carrier-phase solution (Eulerian part) is almost invariant in the
presentwork. A detailed presentationand discussionon the carrier-
phase � ow properties is referred to in the work of Chang et al.12 and
is not repeated here.

B. Hollow-Cone Spray (kg < kp)
In the calculations to simulate the spectral distribution of the

polydispersed spray for the second test problem, 10 representative
groups of droplets with the discrete sizes ranging from 7 to 133 ¹m
are used. It was pointed out by Chang et al.14 that the occurrence
of the secondary atomization process led to some peculiar veloc-
ity measurements for the droplets with small sizes. Because the
present work does not account for the droplet breakup mechanism
in the modeling, some deviations of the predictions, particularly
for small droplets, from the measured data may occur. With this in
mind, the three results with sizes of 35, 63, and 119 ¹m, represent-
ing small, medium, and large droplets, respectively, are reported
here.Two test runs using 10,000 and 15,000 computationaldroplets
for each discrete size are made with the unsteady drag coef� cient
and inlet u 0

pi included. Note that the use of 15,000 computational
droplets in the simulation is the highest resolution for the investi-
gatedspraybecauseeachcomputationaldropletof the largestdroplet
(dp D 133 ¹m) is almost equivalentto one real droplet. For the three

selective droplet sizes of dp D 35; 63, and 119 ¹m, each computa-
tional droplet now represents 77, 15, and 1.4 real droplets, respec-
tively. Their predicted evolution of the partial kinetic energy of the
droplets for three selective sizes are presented in Fig. 5 and com-
pared with the measured data of Hong.13 It is shown from Fig. 5
that even the use of as many as 15,000 computational droplets for
each discretesize cannoteffectivelyremove the statisticalshot noise
for large droplets such as the one with dp D 119 ¹m. However, the
differences between these two predictions of the partial kinetic en-
ergy of the droplets (Fig. 5c) are deemed mainly from the statistical
shot noise. As discussed before, the u pi values determined by the
ensembleaveragingof Eq. (18) are much less sensitiveto the u 0

pi de-
viations than the values of the partial kinetic energy of the droplets
determined by Eq.(19). The following calculations are, therefore,
made using 10,000 computational droplets for each discrete size.

In contrast to the � rst problem [i.e., droplet loadingmixing layer,
in which the typical magnitude orders of Re p are in O.100¡101/],
the typicalmagnitudeordersof ReynoldsnumberRe p in the hollow-
cone spray are in O.100¡102/ (Table 1). Note � rst the unsteady
effect of the drag coef� cient on the solution of the second prob-
lem. The quasisteady drag coef� cient can be obtained from Eq. (7)
by setting K .t/ D 0. Note that the selective droplet of dp D 63 ¹m
is closer to the largest droplet size (80 ¹m) of the droplet loading
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a) b) c)

Fig. 5 Evolution of the two predicted, with 10,000 and 15,000 computational droplets for each discrete size, but all considering unsteady CD and
inlet u0

pi, and measured (u 0 2
p + v 0 2

p)/2 of a) 35-, b) 63-, and c) 119-¹m droplets in hollow-cone spray: ¤, measurements13; - - - -, 10,000 #/size; and ——,
15,000 #/size.

a) c)

b) d)

Fig. 6 Comparisons of predicted and measured PDFs of a) axial and b) radial � uctuating velocity components at position (50D, 40D) and of c) axial
and d) radial � uctuating velocity components at position (80D, 60D) for 63-¹m droplet by using quasisteady CD , but with inlet u0

pi = 0, in hollow-cone
spray: jj , measurements13; - - - -, without inlet (u 0

pi ) but with steady drag.

mixing layer in which its predicted PDFs of the velocity � uctua-
tions can be effectively improved through use of the unsteady drag
coef� cient of Eq. (7) (Ref. 8). Thus, the PDF of the velocity � uctu-
ations for the droplet with dp D 63 ¹m is purposely presented here
for demonstration. First, calculations are individually performed
with the quasisteady and unsteady drag coef� cients but all under
the condition with inlet u0

pi D 0. Their predicted PDFs of the axial
and radial � uctuating velocity components at two positions, (50D,
40D) and (80D, 60D), are displayed in Figs. 6 and 7 and compared
with the measured data.13 Here the predicted PDF indicates the u0

pi
distribution of the collected number of the computational droplets
traveling through the cell of a speci� ed grid node. Clearly, the con-
siderationof the unsteady drag coef� cient cannot improve the PDF

shape as performed in the two-phase mixing layer.9 A further anal-
ysis for the precedingobservationis as follows. By setting K .t/ D 0
(quasisteady) in Eq. (7) and substituting it into Eq. (2), it yields

¿p D
½ p.dp/2

18¹g

1

Á.Rep/
(20)

As mentioned before, the typical values of Reynolds number Rep

in this test problem are O.100¡102/ which are generally one order
of magnitude larger than those in the preceding two-phase mixing
layer problem. The de� nition of Reynolds number Rep , Eq. (9),
shows that Reynolds number Re p is proportionalto the droplet size.
Equation (12) indicates that Á.Re p/ becomes larger as Reynolds
number Re p is increased,which in turn makes ¿p smaller as shown
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a) c)

b) d)

Fig. 7 Comparisons of predicted and measured PDFs of a) axial and b) radial � uctuating velocity components at position (50D, 40D) and of c)
axial and d) radial � uctuating velocity components at position (80D, 60D) for of 63-¹m droplet by using unsteady CD , but with the inlet u 0

pi = 0, in
hollow-cone spray: jj , measurements13; - - - -, without inlet (u 0

pi
) but with unsteady drag.

a) c)

b) d)

Fig. 8 Comparisons of predicted and measured PDFs of a) axial and b) radial � uctuating velocity components at position (50D, 40D) and of c)
axial and d) radial � uctuating velocity components at position (80D, 60D) for 63-¹m droplet by using quasisteady CD , but with inlet u 0

pi, included in
hollow-cone spray: jj , measurements13; - - - -, with inlet (u0

pi
) and steady drag.

in Eq. (20). This trend can be clearly seen in Table 1. In con-
trast, the residence times ¿r shown in Table 1 do not exhibit this
size-dependent trend, but all remain randomly in the range be-
tween 1:2 £ 10¡4 and 3:8 £ 10¡4 s for the droplet sizes changing
from 35 to 119 ¹m. Table 1 also summarizes the Stokes numbers
de� ned by

St D ¿p=¿r (21)

at these two positions for the three selective droplet sizes. Note
that the Stokes number values for dp D 63 ¹m are only in O.101/,
whereas those for dp D 119 ¹m are in O.102/, which is the same
order of magnitude for the largest droplet (dp D 80 ¹m) in the two-
phase mixing layer.9 This issue will be elaborated on later.

Calculations are redone, but now under the condition with inlet
u 0

pi included. The predicted PDFs, using the quasisteady drag co-
ef� cient, at the two positions are displayed in Fig. 8. Clearly, the
predicted PDF shapes are signi� cantly improved by accounting for
the inlet u 0

pi conditions, even using the quasi-steady drag coef� -
cient. The predicted PDF shapes obtained with considerations of
unsteady drag coef� cient and inlet u0

pi conditions look like Fig. 8
and are not presentedhere for the sake of brevity. In contrast to only
u 0

pi informationat the two points of the � ow� eld given in Figs. 6–8,
Fig. 9 presents the evolution of the partial kinetic energy of the
droplets with three selective sizes predicted with the unsteady and
quasi-steady drag coef� cients under the consideration of inlet u 0

pi
included or inlet u0

pi D 0, in comparison with the measured data of
Hong.13 Note that, to discern the differencebetween the predictions,
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a) b) c)

Fig. 9 Evolution of the three predicted, by using the unsteady or quasisteady drag coef� cient under consideration, with or without the inlet u0
pi

conditions, and measured (u 0 2
pi + v 0 2

pi )/2 of a) 35-, b) 63-, and c) 119-¹m droplets in hollow-cone spray: ¤, measurements13; ——, with inlet (u 0
pi ) and

unsteady drag; –¢ – , without inlet (u 0
pi ) but with unsteady drag; and - - - -, with inlet (u 0

pi ) and steady drag.

a) b) c)

Fig. 10 Evolutionof the two predicted, with and without considering inlet u0
pi conditions,but all using the unsteadyCD , and measured mean axial velo-

city component of a) 35-, b) 63-, and c) 119-¹m droplets in hollow-cone spray: ¤, measurements13; ——, with inlet (u0
pi); and - - - -, without inlet (u0

pi).

the scales in the ordinates of Figs. 9–12 have been purposely en-
larged in some downstream axial stations. It is clearly shown in
Fig. 9 that the partial kinetic energy of the droplets are signi� cantly
underpredicted in the case with inlet u 0

pi D 0, even though the un-
steady CD is used. The differencesin the predictionsbetween using
the unsteady and quasisteady drag coef� cients, as shown in Fig. 9,
become more remarkable when the St values reach O.102/, as re-
vealed in Table 1.

Figures 10 and 11 present the evolutionof the two predicted,with
inlet u 0

pi included and with inlet u 0
pi D 0, but all using the unsteady

CD , and measured mean axial and radial velocity components, re-
spectively,of the dropletswith these three selectivesizes.Again, the
ensemble-averagingformula weighted with the PDF value of inlet
u 0

pi smears out, to a great extent, the very remarkable differencesof
Upi predictions as implied from Fig. 9. Nevertheless, more, wider
turbulentdispersionregions for the all-size droplets can be obtained
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a) b) c)

Fig.11 Evolutionof the two predicted, with andwithout considering inlet u0
pi conditions,butallusing the unsteadyCD , and measured meanradial velo-

city component of a) 35-, b) 63-, and c) 119-¹m droplets in hollow-cone spray: ¤, measurements13; ——, with inlet (u 0
pi

); and - - - -, without inlet (u 0
pi

).

a) b) c)

Fig. 12 Evolution of the two predicted, with and without considering inlet u 0
pi conditions, but all using the unsteady CD , and measured a) mean axial

velocity component, b) mean radial component, and c) turbulent kinetic energy of carrier � uid in hollow-cone spray: ¤, measurements13; ——, with
inlet (u 0

pi ); and - - - -, without inlet (u 0
pi ).

in the case with inlet u 0
pi included than that with inlet u0

pi D 0. In
other words, neglect of the inlet u0

pi conditions in the calculation
leads to remarkable underpredictions of the turbulent dispersion
ability of the droplets for the present test problem in which kp is
much larger than kg at the inlet, as shown in Fig. 2.

As mentioned in Sec. III, the hollow-cone spray is a relatively
denser two-phase � ow than the droplet loading mixing layer. The
evolution of the two predicted, with inlet u 0

pi included and with in-

let u0
pi D 0, but all using the unsteadyCD , and measured mean axial

and radial velocity components, as well as turbulent kinetic energy
of the carrier phase, is presented in Fig. 12. Clearly, no remarkable
differences between these two predictions can be observed due to
the diluteness [the volumetric fractions of the droplets are at most
O.10¡4/] of the test problem. However, the excellent agreements
between the predictionsand measurementscon� rm the applicability
of the employedphysicalmodel and numericalmethod in this work.
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A comparison of Fig. 9a (the partial turbulent kinetic energy of the
droplet with dp D 35 ¹m) and Fig. 12c (the turbulentkinetic energy
of the carrier � uid) shows that the velocity � uctuations of the small
dropletsdecay faster and that kp < kg when the small dropletsreach-
ing the downstreamaxialstationof x=D D 30. In contrast,thepartial
turbulent kinetic energy of the larger droplets, such as dp D 63 and
119 ¹m, are still higher than kg even at this far downstreamaxial sta-
tion. A comparisonmadebetweenFigs. 9a and12c also corroborates
the inference for the occurrence of the secondary atomization pro-
cess made by Chang et al.,14 that is, the much higher measured data
of .u 02

p C v02
p /=2 shown in the axial stations of x=D D 50 and 80 in

Fig. 9a were associatedwith the droplets, broken up from the larger
droplets, which possessed larger partial turbulent kinetic energy as
revealed in Figs. 9b and 9c. Further discussion on this issue can be
found in Ref. 14.

V. Conclusions
The effect of the inlet u0

pi conditions on the solution of the two-
phase turbulent� ow, which is solvedwith the stochasticLagrangian
method, is examined through the two representative, well-de� ned
problems. One is the droplet loading, planar mixing layer which
is associated with kg > kp at the inlet, and the other is a practical
hollow-cone spray in which kg is much less than kp at the distance
just after the primary atomization process. The study shows that
the inlet u0

pi conditions have to be considered in the calculations
to obtain complete, correct solution of the dispersed-phase turbu-
lence characteristics, in particular for the two-phase � ows possess-
ing kg < kp . The study also concludes that the unsteady drag co-
ef� cient has to be considered in the model formulation when the
local Stokes number values larger than O.101/ are encountered in
the examined two-phase turbulent � ow� eld. The price to be paid
by accounting for the inlet u0

pi conditions and the unsteady drag
coef� cient in the calculation is that a great number of O.104/ of
the computationaldroplets for each discrete size is required in com-
parison with the number of O.103/ of the computational droplets
for each discrete size, which was previously suggested by Chang
and Wu6 to obtain the statistically invariant solution, in association
with quasisteadydrag coef� cient and inlet u 0

pi D 0, of the mean � ow
properties only.
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